
Journal of Applied Mathematics and Computing (2020) 64:53–69
https://doi.org/10.1007/s12190-020-01343-6

ORIG INAL RESEARCH

Epidemic SIS model in air-polluted environment

Tran Dinh Tuong1

Received: 26 January 2020 / Published online: 31 March 2020
© Korean Society for Informatics and Computational Applied Mathematics 2020

Abstract
In this paper, the epidemic model SIS under polluted environment is investigated.
Study of epidemic models often focuses on determining under what conditions the
disease will disappear or it will persist. With new techniques developed for periodic
stochastic differential equations, we are able to classify the longtime behavior of the
epidemic model by introducing a threshold value λ. To be more specific, we show
that if λ < 0 then the disease-free is globally asymptotic stable, i.e., the disease
will eventually disappear while the epidemic is strongly stochastically permanent
provided that λ > 0. We also give some of numerical examples to illustrate our
results. Moreover, the approach in this paper can be used to more general models.
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1 Introduction

The commonly used epidemic models nowadays, in which the density functions are
spatially homogeneous, were first introduced in 1927 by Kermack andMcKendrick in
[16], known as compartment models. Compartmental models are a technique used to
simplify the mathematical modeling of infectious disease. The population is divided
into compartments, with the assumption that every individual in the same compartment
has the same characteristics. Then the dynamics of these classes are formulated by
use of a system of deterministic differential equations.

One of classic epidemicmodels is the SIRmodel, which subdivides a homogeneous
host population into three epidemiologically distinct types of individuals, the suscep-
tible, the infective, and the removed, with their population sizes denoted by S, I and
R, respectively. Precisely, the model assumes that the susceptible class can transform
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into the infective class through the contact with infected persons, and the infectives
can be recovered through treatment so that have permanent immunity. It is suitable
for some infectious diseases of permanent or long immunity, such as chickenpox,
smallpox, measles, etc. However, some research showed that some diseases, such as
transmission dynamics of Ebola virus disease [36], viral diarrhea [9] and hand, foot
and mouth disease [4], do not confer any long lasting immunity. The infections do not
give immunization upon recovery from infection, and individuals become suscepti-
ble again. Individuals have repeat or reoccurring infections, and infected individuals
return to the susceptible state. This model is known as the SIS model, see [17]. A
differential equation model for this is described by following system of equations

d S(t) = (
ω − βS(t)I (t) − μS(t) + γ I (t)

)
dt

d I (t) = (
βS(t)I (t) − (μ + γ − γ0)I (t)

)
dt

where S(t) and I (t) are the densities of susceptible and infected class of individuals,
respectively. In the above, the recruitment rate ω, the infection rate β, the natural
death rate μ, the death rate due to the disease γ0 and the treatment cure rate γ are
positive constants. Such abovemodels and related problems have been widely studied;
for example, see [5–8,12,24,25,27,28,35] for stability analysis; see [30,31] for the
investigations of exact analytical solutions using a Lie algebra approach applied to the
Kolmogorov forward equation of a Markov chain modeling the epidemic dynamics.

Recently, the impact of air pollution on people’s health and daily activities has risen
much attention. As a consequence, much effort is devoted to data analyzing, modeling
the air quality index (AQI), see e.g., [3,10,13,34] and reference therein. By using the
real data (such as: 6 year long time series of air quality index (AQI) data, gathered
from air quality monitoring sites in Xi’an from 15 November 2010 to 14 November
2016) and method in Statistics (for instant, Bayesian approach and the Gibbs sampler
algorithm) as well as techniques in mathematical modeling, the dynamics of AQI is
formulated formally by stochastic differential equation (SDE). In details, the SDE
model for AQI (see e.g., [10]) is as follows

d X(t) = [c(t) − d(t)X(t)] dt + σ(t)
√

X(t)dW (t), (1.1)

where c(t) denotes the rate of inflow of pollutants into the air, d(t) is the rate of
clearance of pollutants, and σ(t) is its volatility. Due to the seasonal effects, we assume
that c(t), d(t), σ (t) are continuous and periodic with period T .

The impact of environment on the people’s heath makes effects on the dynamics
of infection in general and infection rate β in particular; see e.g., [1,10,34]. Under
pollution, the infected rate is not only time-imhomogeneous, but also is dependent of
the AQI. Roughly speaking, with a good AQI, people should be infected rarely and
then, the rate β will be low. In contrast, when the AQI is bad, the infection will happen
often, i.e., the infected rate should be higher. Therefore, in polluted environment, the
dynamics X(t) describingAQI is added to the classical SISmodel and the rate function
β(X(t)) is used, instead of using constant β. To be specific, we consider the following
model
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⎧
⎪⎨

⎪⎩

d X(t) = [c(t) − d(t)X(t)] dt + σ(t)
√

X(t)dW (t)

d S(t) = [
ω − β(X(t))S(t)I (t) − μS(t) + γ I (t)

]
dt

d I (t) = [
β(X(t))S(t)I (t) − (μ + γ + γ0)I (t)

]
dt .

(1.2)

Our main goal in this paper is to provide a sufficient and almost necessary condition
for strongly stochastically permanent and extinction of the disease in the stochastic SIS
model (1.2). Concretely, we establish a threshold λ such that the sign of λ determines
the asymptotic behavior of the system. If λ < 0, the disease is eradicated at a disease-
free equilibrium. In this case, we derive that the density of disease converges to 0
with exponential rate. Meanwhile, in the case λ > 0, we show that the disease is
strongly stochastically permanent. It should be emphasized that the method in most
papers handling periodic stochastic differential equations in the literature is to propose
a Lyapunov function; and then, to use some rough estimates and stochastic inequalities
to impose conditions based on that function. The conditions are therefore restrictive
because of the construction of Lyapunov functions are subjective and thus, there is
sizable gap between the condition for extinction and persistence (see e.g., [15,44,45]).
In addition, such method is often only valid for specific models. In this paper, with
the idea of analyzing the periodic measure on the boundary to determine a threshold
from a dynamical point of view and proposing new techniques, we are able to give
a sharp condition for extinction and persistence and only the critical case λ = 0 left
untreated. The method and idea is systematic and interpretable; and thus, they can be
used for other models in literature with slight modification.

The rest of the paper is arranged as follows. In Sect. 2, we give and prove our main
results. Section 3.1 is reserved for providing some numerical examples and figures are
provided to illustrate our results. Finally, Sect. 3.2 is devoted to discussion and further
remarks for future study.

2 Main results

Let (�,F , {Ft }t≥0,P) be a complete filtered probability space with the filtration
{Ft }t≥0 satisfying the usual condition, i.e., it is increasing and right continuous
while F0 contains all P-null sets. We consider model (1.2) where W (t) is an Ft -
adapted Brownian motion; c, d, σ are continuous and periodic functions with period
T ; ω,μ, γ, γ0 are positive constants; β(x) : [0,∞) �→ R+ is a continuous function
with linear growth rate, that is, lim supx→∞

β(x)
x < ∞. Let R2+ := {(x, y) ∈ R

2 :
x ≥ 0, y ≥ 0}. We first consider the equation of AQI:

d X(t) = (c(t) − d(t)X(t))dt + σ(t)
√

X(t)dW (t). (2.1)

Theorem 2.1 Assume that c(t), d(t), σ (t) are positive, continuous and periodic with

period T and c(t) − σ 2(t)
2 > 0. For any initial value x > 0, there exists a unique

globally solution. For any k > 0, there exist h1, h2 > 0 such that
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Ex

[
Xk(t) − ln X(t) + 1

]
≤ h2

h1
+ (xk − ln x + 1)e−h1t . (2.2)

where the subscript in Ex and Px indicates the initial value of (2.1). Moreover, there
exist θ0 > 0, h3, h4 > 0 such that

Ex eθ0X(t) ≤ h4

h3
+ e−h4t eθ0x , x > 0. (2.3)

Proof Let V (x) = xk − ln x +1. LetLX be the generator associated with the diffusion
process (2.1). We have

[
LX V

]
(x, t) = kxk−1(c(t) − d(t)x) + k(k − 1)

σ 2(t)

2
xk−1 − 1

x
(c(t) − d(t)x) + σ 2(t)

2x

= −
(

c(t) − σ 2(t)

2

)
x−1 − kd(t)xk +

(
k(k − 1)

σ 2(t)

2
+ k

)
+ d(t)

≤ −h1V (x) + h2. (2.4)

Let τn := inf{t ≥ 0 : V (X(t)) ≥ n}. Then by Itô’s formula,

Ex eh1t∧τn V (X(t ∧ τn)) ≤ V (x) + Ex

∫ t∧τn

0

(
eh1s [LX V ](X(s), s) + h1eh1s V (X(s))

)
ds

≤ V (x) + h2Ex

∫ t∧τn

0
eh1sds

≤ V (x) + h2

h1
eh1t . (2.5)

Letting n → ∞, we have

Ex eh1t V (X(t)) ≤ V (x) + h2

h1
eh1t ,

which implies (2.2).
For Ṽ = eθ0x ,

[LX Ṽ ](x, t) = θ

[
eθ0x (c(t) − d(t)x) + θ0σ

2(t)

2
eθ0x x

]
≤ h3 − h4eθ0x ,

if 0 < θ0 < min
{

d(t)
σ 2(t)

, t ≥ 0
}
. Such θ0 does always exist since d(t), σ (t) are positive,

continuous and periodic functions.
Then, an application of Itô’s fomula, which is similar to the estimate above, implies

Ex eθ0X(t) ≤ h4

h3
+ eθ0x eh4t ,

which easily completes the proof. 
�
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Since the coefficients of (2.1) are locally Lipschitz in x , it is standard to show that
the solution to (2.1) is a Feller–Markov process due to the boundedness (2.2) (see [22]).
An application of [18, Theorem 3.8], there exists a periodic solution X∗(t) to (2.1).
Moreover, because the coefficients are periodic, it is obvious that {X(kT ) : k ∈ Z+} is a
homogeneousMarkov chain. Since the diffusion is nondegenerate, for anymeasurable
set A ∈ (0,∞) with positive Lebesgue measure, we have Px {X(T ) ∈ A} > 0 for any
x ∈ (0,∞). That together with (2.2) implies that {X(kT ) : k ∈ Z+} has a unique
invariant probability measureπ∗ on (0,∞). Because of the uniqueness of the invariant
probability measure of {X(kT ) : k ∈ Z+}, the periodic X∗(t) to (2.1) is unique in
distribution sense and X∗(kT ) is π∗-distributed.

Lemma 2.1 Let f (x) be a continuous function on [0,∞) satisfying

f 2(x) ≤ C f (1 + eθ2x ),

for some constants C f > 0, 0 < θ2 < θ0, we have

Px

{
lim

t→∞
1

t

∫ t

0
f (X(u))du = E

1

T

∫ T

0
f (X∗(u))du = Eπ∗

1

T

∫ T

0
f (X(u))du

}
= 1.

(2.6)

Proof Let Pf (x) = Ex
∫ T
0 f (X(s))ds. By the Markov property of X(t), we have

E

[∫ kT +T

kT
f (X(u))du

∣∣∣FkT

]
= Pf (X(kT )),

and

sup
k∈Z+

{

Ex

(∫ kT +T

kT
f (X(u))du

)2}

< sup
k∈Z+

{
C f T + C f TEx

∫ kT +T

kT
eθ0X(u)du

}
< ∞.

As a result, Uk := ∫ kT +T
kT f (X(u))du − Pf (X(kT )) is a martingale difference with

respect to the filtration {FkT , k ∈ Z+}. By the strong law of large numbers for mar-
tingales, we have

lim
m→∞

∑m
k=0 Uk

m + 1
= lim

m→∞

[
1

m + 1

∫ (m+1)T

0
f (X(u))du −

∑m
k=0 Pf (X(kT ))

m + 1

]

= 0 a.s.

for any intial value x ∈ (0,∞). In view of (2.3), we can deduce Pf is π∗-integrable
using the arguments in [11, Lemma 3.3]. On the other hand, due to the nondegeneracy
of diffusion, an application of the Feynman Kac formula and the maximum principle
implies that

inf
x∈[H−1,H ]

Px {X(T ) ∈ A} > 0,
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for any H > 1 and ameasurable set A ∈ (0,∞)which has positive Lebesgue measure
(see e.g. [11, Lemma 3.6]). As a result, {X(kT ) : k ∈ Z+} is aHarris-recurrentMarkov
chain. Thus, we have from the strong law of large numbers (see e.g. [23, Theorem 7.1]
we have

Px

{
lim

∑m
k=0 Pf (X(kT ))

m + 1
=

∫

(0,∞)

Pf (x ′)π∗(dx ′)
}

= 1, for all x > 0.

As a result,

Px

{

lim
m→∞

1

m + 1

∫ (m+1)T

0
f (X(u))du =

∫

(0,∞)

Pf (x ′)π∗(dx ′)
}

= 1,

which clearly implies

Px

{
lim

t→∞
1

t

∫ t

0
f (X(u))du =

∫

(0,∞)

Pf (x ′)π∗(dx ′)
}

= 1.

Which together with the fact that E 1
T

∫ T
0 f (X∗(u))du = Eπ∗ 1

T

∫ T
0 f (X(u))du com-

pletes the proof. 
�
Theorem 2.2 For any given initial value (X(0), S(0), I (0)) ∈ (0,∞) × R

2+, there
exists a unique global solution {(X(t), S(t), I (t)), t ≥ 0} to (1.2) and the solution will
remain in (0,∞) × R

2+ with probability one. The solution {(X(t), S(t), I (t), t ≥ 0}
is a Markov–Feller process on the invariant set (0,∞) × � where � = {

(s, i) ∈
R
2+, s + i ≤ ω

μ

}
. Moreover, if I (0) > 0 then I (t) > 0 for any t ≥ 0 with probability

one.

Proof The existence and uniqueness of X(t) has been proved in Theorem 2.1. Since
the coefficients in the equations of X(t), S(t), I (t) are locally Lipschitz in (X , S, I ),
there exists a unique locally solutions to (1.2). Moreover, the derivatives of S(t), I (t)
are nonnegative when S(t), I (t) are 0 respectively. On the other hand, by adding side
by side in system (1.2), we have

d

dt
(S(t) + I (t)) = ω − μ(S(t) + I (t)) − γ0 I (t)

≤ ω − μ(S(t) + I (t)).

As a result, the solution to (1.2) with positive initial conditions cannot explode at a
finite time it remains in R2+. In view of the comparison theorem, if S(0) + I (0) ≤ ω

μ
,

so is (S(t) + I (t)) for t ≥ 0. Thus, � is an attracting invariant set for (S(t), I (t))
because if S(0) + I (0) > K , then lim supt→∞(S(t) + I (t)) ≤ K . 
�
In the sequel, we only work with the process (S(t), I (t)) on the invariant set �.
We also denote by �0 the set {(s, i) ∈ � : i = 0} and �◦ = �\�0. To simplify
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notations, we denote by Z(t) = (X(t), S(t), I (t)) the solution of system (1.2), and
z = (x, s, i) ∈ (0,∞) × �. Define

λ = ω

μ
E
1

T

∫ T

0
β(X∗(u))du − γ − γ0.

If λ > 0, we define

U (z) = eθ1x ln
x + 1

x
i−�θ1 ,

for some small θ1, � as in the following Lemma. The idea of choosing this function U
as follows. The term i−�θ1 will manage the behavior of I (t) near the boundary. It is the
main term because we focus on the dynamics of I (t) when it is small. However, since
the dynamics of I (t) depends on X(t), we need some terms to control the dynamics
of X(t) when it is too small or too large. The properties in (2.2) and (2.3), suggests us
to use eθ1x and ln x to control the dynamics of X(t) near ∞ and near 0 respectively.
The term ln(1 + x) is used to diminish the effect of ln x when x is large so that we
can focus on eθ1x as x large. The constant θ1, � are chosen appropriately such that the
function U satisfies the desired property (2.7) and (2.8) below.

Lemma 2.2 For sufficiently small θ1 > 0 and � > 0, there exist h6 > 0 and M > 0
such that

EzU (Z(t2)) ≤ eh6(t2−t1)EzU (Z(t1)), for t1 < t2, (2.7)

and
EzU (Z(T )) ≤ ρU (z), if x ∨ x−1 ≥ M, (2.8)

where ρ ∈ (0, 1) is some constant, and the subscript of Pz and Ez indicates the initial
value of Z(t).

Proof Let L be the generator associated with the diffusion (1.2). Directed calculation
shows that

[LU ](z, t) = i−�θ1eθ1x ln
x + 1

x

(

θ1c(t) − θ1d(t)x + θ21 σ 2(t)

2
x − �θ1(sβ(x) − μ − γ0 − γ )

)

+ i−�θ1eθ1x
(

− (c(t) − d(t)x)

x(x + 1)
+

(
1

x
− x

(x + 1)2

)
σ 2(t)

2

)
− θ1i−�θ1eθ1x σ 2

x + 1
.

Let x∗ := maxt≥0
2[c(t)+(μ+γ0+γ )]

d(t) . There are small θ1, � > 0 satisfying

�, θ1 < 1, θ1 < min
t≥0

d(t)

σ 2(t)
,

such that we have

h5 := 1

2
θ1 inf

x>x∗,t≥0

{
d(t)x − θ1

σ 2(t)

2
x − c(t) − �θ1(μ + γ0 + γ )

}
> 0,
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and

m1 := sup
x≥0,t≥0

(

θ1c(t) − θ1d(t)x + θ21σ 2(t)

2
x − �θ1(sβ(x) − μ − γ0 − γ )

)

< ∞.

Moreover, because mint≥0

{
c(t) − σ 2(t)

2

}
> 0 and limx→0

ln x+1
x

1
x(x+1)

= 0, we have

− (c(t) − d(t)x)

x(x + 1)
+

(
1

x
− x

(x + 1)2

)
σ 2(t)

2
≤ −(h5 + m1) ln

x + 1

x
, (2.9)

when x is sufficiently small. On the other hand,
It follows from the choice of θ1, � and definition of h5, m1 and (2.9) that

[LU ](z, t) ≤ −h5U (z), if x ∨ x−1 ≥ K1 for some K1 > 0.

Moreover, we have sup{x∨x−1≤K1}
[L(U )](z,t)+h5U (z)

U (z) =: h6 < ∞. As a result,

[LU ](z, t) ≤ 1{x∨x−1<K1}h6U (z) − h5U (z), z ∈ (0,∞) × �◦, (2.10)

where 1A is the indicator function of the set A. Let η := inf{t > 0 : X(t) >

K1 or X(t) < K −1
1 }. We have from Itô’s formula and (2.10) that

Ezeh5(T ∧η)U (Z(T ∧ η)) ≤ U (z), (2.11)

and
EzU (Z(t2)) ≤ eh6(t2−t1)EzU (Z(t1)), for t1 < t2, (2.12)

which together with the Markov–Feller property of X(t) implies

Ez1{η<T }e−h6(T −η)U (Z(T )) ≤ Ez1{η<T }U (Z(η)) ≤ max
x∨x−1≤K1

eθ1x ln
x + 1

x
=: u1.

(2.13)
From (2.11), we have

Ez1{η≥T }eh5T U (Z(T )) ≤ U (z)

or, equivalently
Ez1{η≥T }U (Z(T )) ≤ e−h5T (U (z)) . (2.14)

Which together with (2.13) imply that

EzU (Z(T )) ≤ e−h5T U (z) + u1eh6T . (2.15)

Since limx∨x−1→∞ U (z) = ∞, we can easily deduce (2.8) from (2.15). 
�
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Lemma 2.3 Let f (z) be a continuous function on [0,∞) × �, satisfying

| f (z)| ≤ K f (1 + eθ2x )

for some constants K f > 0, 0 < θ2 < θ0. Then, for any H > 1, we have the uniform
convergence:

lim
t→∞ sup

{z∈[H−1,H ]×�0}

{
Ez

1

t

∫ t

0
f (Z(u))du − Eπ∗

1

T

∫ T

0
f

(
X∗(u),

ω

μ
, 0

)
du

}
= 0

(2.16)

Proof Consider the occupation measure,

�z
n(·) = 1

n

n−1∑

k=0

1{Z(kT )∈·)}.

Due to Lemma 2.2 and the fact that (S(t), I (t)) lives in a compact space, the fam-
ily {�z

n, z ∈ [H−1, H ] × �0, n ∈ Z+} is tight. Moreover, it is well-known (see
e.g. [29, Lemma 6]) that any weak-limit of �z

n as n → ∞ is an invariant mea-
sure of {Z(kT ), k ∈ Z+}. Moreover, with any initial value in (0,∞) × �0, we

have limt→∞(S(t), I (t)) =
(

ω
μ
, 0

)
and π∗ is the unique invariant measure of

{X(kT ), k ∈ Z+}. Thus, π∗ × δ( ω
μ

,0) is the unique invariant probability measure
of {Z(kT ), k ∈ Z+} on (0,∞) × �0, where δ( ω

μ
,0) is the Diract measure with mass

at
(

ω
μ
, 0

)
. As a result, for any bounded and continuous function on (0,∞) × �, we

have

lim
t→∞Ez

1

t

∫ t

0
g(Z(u))du = lim

n→∞
1

n

∑
EZ(kT )

1

T

∫ T

0
g(Z(u))du

= Eπ∗
1

T

∫ T

0
g

(
X(u),

ω

μ
, 0

)
du.

Now, assume that f (z) is continuous and | f (z)| ≤ K f (1 + eθ2x )

For any H > 0, consider the truncated function: fH (z) = −H ∨ ( f (z) ∧ H). We
have

| f (z) − fH (z)| ≤ | f (z)|1{| f (z)|≥H} ≤ | f (z)|1+γ f

H γ̌
≤ (K f (1 + eθ2x )1+γ f

H γ̌
≤ Ǩ f (1 + eθ0x )

H γ̌
,

for 0 < γ̌ ≤ θ0
θ1

and Ǩ f is a constant depending on K f and γ̌ , which together with
(2.3) implies

lim sup
t→∞

Ez
1

t

∫ t

0
| f (Z(u)) − fH (Z(u))|du

123



62 T. D. Tuong

≤ lim sup
t→∞

Ǩ f

H γ̌
Ez

1

t

∫ t

0
(1 + eθ0X(u))du ≤ Ǩ f

H γ̌

(
1 + h4

h3

)
.

On the other hand, since fH (z) is continuous and bounded, we have

lim
t→∞Ez

1

t

∫ t

0
fH (Z(u))du = Eπ∗

1

T

∫ T

0
fH

(
X(u),

ω

μ
, 0

)
du.

Combining two limits above and let H go to infinity, we easily obtain the uniform
convergence (2.16). 
�
Lemma 2.4 Let M, ρ be as in Lemma 2.2 and n∗ ∈ Z+ such that eh6T ρn∗−1 < 1
There exist λ̃ > 0, θ ∈ (0, 1), Kθ > 0, m∗ ∈ Z+ such that and

EzU θ (kT ∗) ≤ exp
{−̃λθkT ∗}U θ (z)z+Kθ , ∀z ∈ [M−1, M]×�◦, k ∈ {0, 1 . . . , n∗}

(2.17)
where T ∗ = m∗T .

Proof On the other hand, since
∣∣ln

(
ln x+1

x

)∣∣ ≤ C(x + 1 − ln x), we have from (2.2)
that

lim
t→∞

1

t

(
Ex ln

(
ln

X(t) + 1

X(t)

)
− ln

(
ln

x + 1

x

))
= 0, (2.18)

and

lim
t→∞

1

t
(Ex X(t) − x) = 0, (2.19)

uniformly in each compact set (of (0,∞)) of intial values.
In view of Lemma 2.3, we can find m∗ > 0 sufficiently large such that eh6T ρn∗

< 1
[because ρ ∈ (0, 1)] and

lim
t→∞Ez

1

T̃

∫ T̃

0
(β(X(t))S(t) − μ − γ − γ0) dt

≥ 3λ

4
for any z ∈ [M−1, M] × �0, T̃ ≥ T ∗ := m∗T .

Due to (2.18) and (2.19), we can assume that m∗ be sufficiently large that

θ1�

T̃

(
Ex ln

(
ln

X(T̃ ) + 1

X(T̃ )

)
− ln

(
ln

x + 1

x

))
+ θ1

T̃
(Ex X(T̃ )−x) ≤ θ1�λ

4
, (2.20)

for x ∈ [M−1, M] and T̃ ≥ T ∗. In view of the Markov–Feller property of Z(t), we
have

Ez
1

T̃
(ln I (T̃ ) − i) = E

1

T̃

∫ T̃

0
(β(X(t))S(t) − μ − γ − γ0) dt ≥ λ

2
, (2.21)
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for any z ∈ [M−1, M] × �◦
δ , T̃ ∈ [T ∗, n∗T ∗] and for some δ > 0, where �◦

δ =
{(s, i, r) ∈ �, 0 < i < δ}. Combining (2.20) and (2.21) yields

Ez[lnU (Z(n∗T ∗) − lnU (z)] ≤ λ�θ1

4
n∗T ∗, z ∈ [M−1, M] × �◦

δ .

Applying [11, Lemma 3.5], we have

EzU θ (T̃ ) ≤ exp

{
−λ�θ1

8
θ T̃

}
U θ (z) := exp{−̃λθ T̃ }U θ (z),

for z ∈ [M−1, M] × �◦
δ , T̃ ∈ [T ∗, n∗T ∗]

for sufficiently small θ > 0. This and (2.7) imply (2.17) with

Kθ = eh6n∗T ∗
sup

{M−1≤x≤M,i≥δ,(s,i)∈�}
U (z) < ∞.


�

Theorem 2.3 Suppose λ < 0. Let n∗, θ be as in Lemma 2.4. There exists C > 0 such
that

lim sup
t→∞

EzU θ (Z(t)) ≤ C, for any z ∈ (0,∞) × �◦. (2.22)

As a result, for any ε > 0, there exists δ > 0 such that

lim inf
t→∞ Pz{I (t) ≥ δ} ≥ 1 − ε

for any z ∈ (0,∞) × �◦.

Proof The proof is given by developing the techniques in [11], which is used to treat
homogeneous Markov processes. Define

τ = inf{t = kT ≥ 0 : X(t) ∨ X−1(t) ≤ M, k ∈ Z+}. (2.23)

Due to (2.8) and theMarkovproperty of {Z(nT )}, the process {ρ−(kT )∧τ
2 U (Z(kT )), k ∈

Z+} is a supermartingale withe respect to the filtration {FkT , k ∈ Z+}. Hence

Ez

[
ρ−θ(τ∧n∗T ∗)U θ (Z(τ ∧ n∗T ∗))

]
≤ U θ (z), z ∈ (0,∞) × �◦.
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Thus, one has

U θ (z) ≥ Ez

[
ρ−θ(τ∧n∗T ∗)U θ (Z(τ ∧ n∗T ∗))

]

= Ez

[
1{τ≤(n∗−1)T ∗}ρ−θ(τ∧n∗T ∗)U θ (Z(τ ∧ n∗T ∗))

]

+ Ez

[
1{(n∗−1)T ∗<τ<n∗T ∗}ρ−θ(τ∧n∗T ∗)U θ (Z(τ ∧ n∗T ∗))

]

+ Ez

[
1{τ≥n∗T ∗}ρ−θ(τ∧n∗T ∗)U θ (Z(τ ∧ n∗T ∗))

]

≥ Ez
[
1{τ≤(n∗−1)T ∗}U θ (Z(τ ))

]

+ ρ−θ(n∗−1)T ∗
Ez

[
1{(n∗−1)T ∗<τ<n∗T ∗}U θ (Z(τ ))

]

+ ρ−θn∗T ∗
Ez

[
1{τ≥n∗T ∗}U θ (Z(n∗T ∗))

]
.

(2.24)

By the strong Markov property of Z(t) and Lemma 2.4, we obtain

Ez
[
1{τ≤(n∗−1)T ∗}U θ (Z(n∗T ∗))

]

≤ Ez

[
1{τ≤(n∗−1)T ∗}

[
Kθ + e−̃λθ(n∗T ∗−τ)U θ (Z(τ ))

]]

≤ Kθ + exp
(−̃λθT ∗)

Ez
[
1{τ≤(n∗−1)T ∗}U θ (Z(τ ))

]
(2.25)

Similarly, we deduce from the strong Markov property of Z(t), Jensen’s inequality
and Lemma 2.2 that

Ez
[
1{(n∗−1)T ∗<τ<n∗T ∗}U θ (Z(n∗T ∗))

]

≤ Ez

[
1{(n∗−1)T ∗<τ<n∗T ∗}hθ(n∗T ∗−τ)

6 U θ (Z(τ ))
]

≤ hθT ∗
6 Ez

[
1{(n∗−1)T ∗<τ<n∗T ∗}U θ (Z(τ ))

]
.

(2.26)

Applying (2.25) and (2.26) to (2.24) yields

U θ (x) ≥ Ez
[
1{τ≤(n∗−1)T ∗}U θ (Z(τ ))

]

+ ρ−θ(n∗−1)
Ez

[
1{(n∗−1)T ∗<τ<n∗T ∗}U θ (Z(τ ))

]

+ ρ−θn∗
Ez

[
1{τ≥n∗T ∗}U θ (Z(n∗T ∗))

]
(due to (2.24))

≥ exp
(
λ̃θT ∗)

Ez
[
1{τ≤(n∗−1)T ∗}U θ (Z(n∗T ∗))

] − exp
(
θ̃T ∗) Kθ

+ h−θT ∗
6 ρ−θ(n∗−1)

Ez
[
1{(n∗−1)T ∗<τ<n∗T ∗}U θ (Z(n∗T ∗))

]

+ ρ−θn∗
Ez

[
1{τ≥n∗T ∗}U θ (Z(n∗T ∗))

]
(due to (2.25)and(2.26))

≥ κ−1
EzU θ (Z(n∗T ∗)) − Kθ exp

(
1

2
θρ∗T ∗

)

(2.27)
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where κ = max
{
exp

(−̃λθT ∗) , h−θT
6 ρθ(n∗−1), ρθn∗}

< 1 (due to the definition of

n∗). The proof of (2.22) is completed by taking

K̃ = Kθ exp

(
1

2
θρ∗T

)
κ.

Then, we have EzU θ (Z(n∗T ∗)) ≤ κU θ (z) + K̃ which leads to

EzU θ (Z(kn∗T ∗)) ≤ κkU θ (z) + K̃

1 − κ
. (2.28)

In view of (2.7) and the Markov, we have

sup
t∈[kn∗T ∗,(k+1)n∗T ∗]

EzU θ (Z(t)) ≤ eh6n∗T ∗
EzU θ (Z(n∗T ∗)). (2.29)

By virtue of (2.28) and (2.29), we have

lim sup
t→∞

EzU θ (Z(t)) ≤ eh6n∗T ∗ K̃

1 − κ
,

which is the first claim of the theorem. The second claim easily follows from an
application of Markov’s inequality to (2.22). 
�
Theorem 2.4 If λ < 0, then lim supt→∞

ln I (t)
t ≤ λ < 0 almost surely for any initial

value.

Proof We have that

lim sup
ln I (t)

t
= lim sup

t→∞
1

t

∫ t

0
(β(X(u))S(u) − μ − γ − γ0) du

≤ lim sup
t→∞

1

t

∫ t

0

(
β(X(u))

ω

μ
− μ − γ − γ0

)
du

= λ < 0 a.s. (due to Lemma 2.1).

The proof is complete. 
�

3 Examples and discussion

3.1 Examples

Next, we illustrate our findings by some numerical examples. In the first example,
c(t) = 2+sin(π t), d(t) = 2+cos(π t) σ (t) = 1,ω = 2,μ = 1, γ = 0.09, γ0 = 0.01
and β(x) = 2x

x+1 . We are going consider the saturated incidence rates, which are
increasing and but bounded. That is why we consider the above β(x).
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Fig. 1 Sample paths of S(t) and I (t)
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Fig. 2 Sample paths of S(t) and I (t)

The threshold λ is approximated by 1
t

∫ t
0 β(X(u)du with t = 10,000. The approx-

imate value of λ is 0.08. The disease persists as illustrated in Fig. 1.
In the second example, we keep the same set of parameters as in the first example,

except for β(x), which is now given by β(x) = 0.8x
x+1 . The approximate value of λ is

− 0.63 < 0. As a result, I (t) converges to 0 exponentially fast, see Fig. 2.

3.2 Discussion

The effects of air pollution on respiratory infectionwere discussed in [10,34]with focus
on parameter estimation, simulation and prediction. Motivated by these works, we
focus on examining mathematically long-term properties of a polluted SIS model with
periodic parameters. The theoretical results in this paper will facilitate prediction and
estimation. We classify the longtime behavior (persistence and extinction of disease)
by introducing a threshold λ obtained from dynamical point of view.

Moreover, the mathematical techniques in this paper is novel and can be applied to
many periodic stochastic epidemiological models. Note that a common approach to
handle these types of models is as follows:
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• Propose a Lyapunov function and impose some conditions to obtain sufficient
conditions for the persistence of the disease

• Use some rough estimates and stochastic inequalities to prove the extinction of
the disease under certain conditions.

Both techniques do not really reflect the dynamics of the systems and therefore, the
obtained results are limited and the conditions are restrictive. In other words, there is
a big gap between conditions for extinction and persistence; see [14,19–21,26,39] for
example. In contrast, we analyze the dynamics of the systems on the boundary (by
looking at the periodic invariant measure on the boundary) to determine the threshold
value for the persistence and persistence of the disease without any additional condi-
tions on the parameters. Our results are sharp in the sense that only the critical case
λ = 0 is untreated.

Moreover, the techniques in the proof of Theorem 2.3 are also original because one
has to nicely handle the behaviors when the pollution is at a small level or a large
level. These techniques can be applied to many other periodic stochastic models (see
e.g., [14,19–21,26,39]) and to obtain sharp results.

A promising direction for future study is to take individual awareness into consider-
ation, see e.g., [32,33]. Under the impact of awareness, the transmission of the disease
depends on the quality of the information available to a given susceptible individual.
That will make the infection rate and the model more complicated. Study the longtime
behavior in this case would be much interesting in both theoretical and applications
point of view.

Another direction is to treat stochastic periodic systems with delays. The main
difficulty is that we must work on an infinite dimensional space. The results developed
in [37,40–43]will play a key role in handling stochastic delay systems in epidemiology.
That would be a future research direction.

Acknowledgements The authors would like to thank the anonymous reviewers and the editor for their
constructive comments and remarks, which greatly improved the quality of this paper.
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